Abstract. A primitive root modulo an integer n is the generator of the multiplicative group of integers modulo n. Gauss proved that for any prime number p greater than 3, the sum of its primitive roots is congruent to 1 modulo p while its product is congruent to µ(p − 1) modulo p, where µ is the Möbius function. In this paper, we will generalize these two interesting congruences and give the congruences of the sum and the product of integers with the same index modulo n.
Introduction
Let a and n be two relatively prime integers. The index of a modulo n, denoted by ind n (a), is the smallest positive number k such that a k ≡ 1 (mod n). If ind n (a) = φ(n), where φ is the Euler's totient function, then we say a is a primitive root modulo n. Primitive roots are widely used in cryptography, such as attacking the discrete log problem, key exchange problem and many other public key cryptosystem. The primitive root theorem identifies all moduli which primitive roots exist, that is, 1, 2, 4, p α and 2p α where p is an odd prime and α is a positive integer. For an odd prime p > 3, Gauss obtained the following congruences in Article 81,
Theorem 1.1 (Gauss).
g is a primitive root mod p g ≡ 1 (mod p).
Theorem 1.2 (Gauss).
g is a primitive root mod p g ≡ µ(p − 1) (mod p).
Few papers have been published concerning these two awesome congruences until Cai [1] recently proved Theorem 1.3 (Cai) . Let p be a prime greater than 3 and α a positive integer. Then g is a primitive root mod p α g ≡ 1 (mod p α ).
Theorem 1.4 (Cai) . Let p be an odd prime and α a positive integer. Then
We will continue Cai's work and give many interesting congruences concerning the sum and product of integers with same index. In this article, α and β represent positive integers; m is some given positive intger; U m is the set of invertible elements in Z/mZ; λ(m) is the Carmichael function, namely, λ(m) = min{k > 0 : a k ≡ 1 (mod m) for any a ∈ U m }; δ is a positive divisor of λ(m).
It is not a tough work to obtain the product version as follows. As for the sum, it is not a simple congruence written in one line. However, for fixed δ, one can easily get the following results.
By applying this theorem, we obtain a result related to Fermat primes. To give the congruence mod general integer m, we first list the ones with some special moduli. For integers with primitive roots, we have
(5) Let p be an odd prime. Then
where
For a product of two distinct odd primes, we have Theorem 1.8. Let p and q be two distinct odd primes. Then
We end this section with the following congruence.
. Though this result seems complex, it shows that there is no need to compute the sum of integers with same index modulo m by finding each of them.
Preliminaries
The following two lemmas are well known facts in the study of primitive roots. (See [2] .) Lemma 2.1. Let a belong to U m . Then for any positive integer k,
. The Dirichlet convolution defined on the set of arithmetical functions: A := {f : Z + → C} is very important in number theory, especially in analytic number theory. Two arithmetical functions f and g are combined by the convolution as follows
All the functions in A that are invertible form a group A * , which contains an essential subgroup called the set of the multiplicative functions: M := {f ∈ A : f ≡ 0, f (mn) = f (m)f (n) for any two relatively prime positive integers m and n}. An interesting result about Dirichlet convolution is the Möbius inversion formula showing that f = g * u if and only if f * µ = g where u ≡ 1 and µ is the Möbius function.
Besides Dirichlet convolution, many other arithmetical convolutions also have long been studied by mathematicians. (See [3, 4] .) To prove the results in this paper, we introduce one of them. The lcm convolution of f and g is defined as follows
It is obvious that M is closed under this binary operation. Lehmer [4] proved that
In another paper, Lehmer [5] gave the following formula
By the definition of lcm convolution, Lemma 2.3 and Lemma 2.4, one can easily obtain the following lemmas.
where p is a prime number. (4) Let f be a multiplicative function. Then
In particular, if n is a perfect square, then µf * u = µf • u. i where {p i } is a set of prime numbers that is pairwise coprime. By the Chinese remainder theorem,
Hence, Hence, for any integer a such that ind m (a) = δ,
Notice that the following four are equivalent
Thus,
(5) holds apparently for ord p (δ) = 0. For r := ord p (δ) > 0,
which completes the proof.
Proof of Theorem 1.8. Since p and q are two relatively prime prime numbers, there exists two integers x and y such that px + qy = 1. Thus, µ(δ 1 )
Therefore we proved the case of (
This proves the theorem.
If (δ, p − 1) > 1, then ord r (δ) ≤ ord r (p − 1) for any prime r that divides (δ, p − 1). Thus, ( δ (δ,p−1) , δ 1 ) = 1. Hence,
This completes the proof.
Proof of Theorem 1.9. By Theorem 1.7 (5) and the methods mentioned in the proof of Theorem 1.8, we can obtain the following congruence
Now, we will show how (3.1) leads to (1.2). Let rad(n) := p|n p. Then for any positive integer a and multiplicative function g, µχ a • g(n) = (n, a) , a))g( n (n, a) )
For any positive integers b 1 , · · · , b k ,
Combining these two formulas, we have
, p − 1))F (φ(p
).
